Integral operators preserving certain analytic functions  by Cho, Nak Eun & Owa, Shigeyoshi
J. Math. Anal. Appl. 286 (2003) 168–176
www.elsevier.com/locate/jmaa
Integral operators preserving certain
analytic functions
Nak Eun Cho a and Shigeyoshi Owa b,∗
a Department of Applied Mathematics, Pukyong National University, Pusan 608-737, South Korea
b Department of Mathematics, Kinki University, Higashi-Osaka, Osaka 577-8502, Japan
Received 13 September 2002
Submitted by B.C. Berndt
Abstract
The purpose of the present paper is to investigate some integral preserving properties for certain
analytic functions in the open unit disk. We also obtain the conditions for close-to-convex functions
in a sector. Our results contain some interesting corollaries as the special cases.
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1. Introduction
Let A denote the class of functions of the form
f (z)= z+
∞∑
n=2
anz
n
which are analytic in the open unit disk U = {z: |z|< 1}. We denote by S∗(γ ) and K(γ )
the subclasses of A consisting of all functions which are, respectively, starlike and convex
of order γ (0 γ < 1) in U (see, e.g., [19]).
For analytic functions g and h with g(0) = h(0), g is said to be subordinate to h if
there exists an analytic function w(z) such that w(0)= 0, |w(z)|< 1 (z ∈ U), and g(z)=
h(w(z)). We denote this subordination by g(z)≺ h(z) or g ≺ h.
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N.E. Cho, S. Owa / J. Math. Anal. Appl. 286 (2003) 168–176 169A function f ∈A is said to be in the class S∗(m,M) if∣∣∣∣zf ′(z)f (z) −m
∣∣∣∣<M (z ∈ U, |m− 1|<M m)
and f ∈ K(m,M) if zf ′ ∈ S∗(m,M). The class S∗(m,M) was introduced by Jakubow-
ski [7]. It is clear that S∗(m,M)⊂ S∗(m−M)⊂ S∗(0)≡ S∗ and K(m,M)⊂K(m−M)
⊂ K(0) ≡ K. Further, applying the Briot–Bouquet differential subordination [4], we can
easily see that K(m,M)⊂ S∗(m,M).
A function f ∈A is said to be in the class B(µ,γ,β) if it satisfies
Re
{
zf ′(z)f µ−1(z)
gµ(z)
}
> β (z ∈ U)
for some µ (µ > 0), β (0 β < 1), and g ∈ S∗(γ ). Furthermore, we denote B1(µ,γ,β)
by the subclass of B(µ,γ,β) for g(z) ≡ z ∈ S∗(γ ). The classes B(µ,γ,β) and
B1(µ,γ,β) are the subclasses of Bazilevic´ functions in U [18]. We also note that
B(1, γ ,β)≡ C(γ,β) is an important subclass of close-to-convex functions [8].
Many authors [1,5,6,10,12,16] have studied the integral operators of the form
Iα,µ(f )=
(
1− α + αµ
αz1/α−1
z∫
0
t1/α−2f µ(t) dt
)1/µ
, (1)
where α and µ are suitably chosen real constants and f belongs to some favoured classes of
univalent functions. In particular, Kumar and Shukla [9] showed that the integral operator
Iα,µ(f ) defined by (1) maps S∗(m,M) into itself for 1/α  1−µ(m−M) (α = 0, µ > 0).
In the present paper, we investigate the integral preserving properties for certain an-
alytic functions in connection with the integral operator defined by (1). The conditions
for close-to-convex functions with their integral preserving properties are also considered.
Furthermore, we extend the previous results of Chichra [2], Libera [10], Noor [13], Owa
and Obradovic´ [15], Owa and Srivastava [16], and Sakaguchi [17].
2. Main results
In proving our main results, we shall need the following lemmas.
Lemma 2.1 [11]. Let h be convex univalent in U and ω be analytic in U with Reω(z) 0.
If p is analytic in U and p(0)= h(0), then
p(z)+ω(z)zp′(z)≺ h(z) (z ∈ U)
implies
p(z)≺ h(z) (z ∈ U).
Lemma 2.2 [14]. Let p be analytic in U with p(0) = 1 and p(z) = 0 in U . If there exist
two points z1, z2 ∈ U such that
−π η1 = argp(z1) < argp(z) < argp(z2)= π η2 (2)2 2
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z1p′(z1)
p(z1)
=−i η1 + η2
2
m and
z2p′(z2)
p(z2)
= i η1 + η2
2
m, (3)
where
m 1− |a|
1+ |a| and a = i tan
π
4
(
η2 − η1
η1 + η2
)
. (4)
Lemma 2.3 [9]. A function f belongs to S∗(m,M) if and only if there exists a function w
analytic in U and satisfying w(0)= 0, |w(z)|< 1 for z ∈ U such that
zf ′(z)
f (z)
= 1+ aw(z)
1− bw(z) (z ∈ U), (5)
where a = (M2 −m2 +m)/M and b = (m− 1)/M .
With the help of Lemmas 2.1 and 2.2, we now derive
Theorem 2.1. Let 0 < δ1, δ2  1, 0 β < 1, and let f ∈A. If
−π
2
δ1 < arg
(
zf ′(z)f µ−1(z)
gµ(z)
− β
)
<
π
2
δ2
for some g ∈ S∗(m,M), then
−π
2
η1 < arg
(
z(Iα,µ(f ))
′Iµ−1α,µ (f )
I
µ
α,µ(g)
− β
)
<
π
2
η2,
where Iα,µ is the integral operator defined by (1) with µ > 0 and 1/α  1 − µ(m−M)
(α = 0) and η1 and η2 (0 < η1, η2  1) are the solutions of the equations
δ1 = η1 + 2
π
tan−1
(
(η1 + η2)(1− |a|) cos π2 t1
2
( 1
α
− 1+µ(m+M))(1+ |a|)+ (η1 + η2)(1− |a|) sin π2 t1
)
(6)
and
δ2 = η2 + 2
π
tan−1
(
(η1 + η2)(1− |a|) cos π2 t1
2
( 1
α
− 1+µ(m+M))(1+ |a|)+ (η1 + η2)(1− |a|) sin π2 t1
)
(7)
when a is given by (4) and
t1 = 2
π
sin−1
(
µM
1
α
− 1+µm
)
. (8)
Proof. Let us put
p(z)= 1
{
z(Iα,µ(f ))
′Iα,µµ−1(f )
µ − β
}
and q(z)= z(Iα,µ(g))
′
.1− β Iα,µ (g) Iα,µ(g)
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µz
(
Iα,µ(f )
)′
Iµ−1α,µ (f )=
(
1
α
− 1+µ
)
f µ(z)−
(
1
α
− 1
)
Iµα,µ(f )
by the definition of the integral operator Iα,µ and
(1− β)p(z)Iµα,µ(g)= z
(
Iα,µ(f )
)′
Iµ−1α,µ (f )− βIµα,µ(g)
by the definition of p, we have
(1− β)p(z)Iµα,µ(g)+ βIµα,µ(g)=
1
µ
{(
1
α
− 1+µ
)
f µ(z)−
(
1
α
− 1
)
Iµα,µ(f )
}
.
Taking the differentiation on both sides in the above equality, and using the definition for q ,
we see that
(1− β)zp′(z)+ {(1− β)p(z)+ β}(µq(z)+ 1
α
− 1
)
=
(
1
α
− 1+µ
)
zf ′(z)f µ−1(z)
I
µ
α,µ(g)
.
It follows from the above that
(1− β)p(z)+ β + (1− β) zp
′(z)
µq(z)+ 1
α
− 1
=
( 1
α
− 1+µ)zf ′(z)f µ−1(z)
µz(Iα,µ(g))′Iµ−1α,µ (g)+
( 1
α
− 1)Iµα,µ(g) =
zf ′(z)f µ−1
gµ(z)
,
that is, that
1
1− β
(
zf ′(z)f µ−1(z)
gµ(z)
− β
)
= p(z)+ zp
′(z)
µq(z)+ 1
α
− 1 .
Since Iα,µ(g) ∈ S∗(m,M) [9], we have
µq(z)+ 1
α
− 1= ρei π2 φ (z ∈ U),
where{ 1
α
− 1+µ(m−M) < ρ < 1
α
− 1+µ(m+M),
−t1 < φ < t1,
where t1 is given by (8). Here, we note that p is analytic in U with p(0)= 1. Let h be the
function which maps onto the angular domain {w: −(π/2)δ1 < arg{w} < (π/2)δ2} with
h(0)= 1. Applying Lemma 2.1 for this h with ω(z)= 1/(µq(z)+ 1/α − 1), we see that
Rep(z) > 0 and hence p(z) = 0 in U .
If there exist two points z1, z2 ∈ U such that condition (2) is satisfied, then (by
Lemma 2.2) we obtain (3) under restriction (4). Then we have
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(
z1f ′(z1)f µ−1(z1)
gµ(z1)
− β
)
=−π
2
η1 + arg
(
1− i η1 + η2
2
m(ρei
π
2 φ)−1
)
−π
2
η1 − tan−1
(
(η1 + η2)m sin π2 (1− φ)
2ρ + (η1 + η2)m cos π2 (1− φ)
)
−π
2
η1 − tan−1
(
(η1 + η2)(1− |a|) cos π2 t1
2
( 1
α
− 1+µ(m+M))(1+ |a|)+ (η1 + η2)(1− |a|) sin π2 t1
)
=−π
2
δ1,
and
arg
(
z2f ′(z2)f µ−1(z2)
gµ(z2)
− β
)
= π
2
η2 + arg
(
1− i η1 + η2
2
m(ρei
π
2 φ)−1
)
 π
2
η2 + tan−1
(
(η1 + η2)m sin π2 (1− φ)
2ρ + (η1 + η2)m cos π2 (1− φ)
)
 π
2
η2 + tan−1
(
(η1 + η2)(1− |a|) cos π2 t1
2
( 1
α
− 1+µ(m+M))(1+ |a|)+ (η1 + η2)(1− |a|) sin π2 t1
)
= π
2
δ2,
where we have used inequality (4), and δ1, δ2, and t1 are given by (6), (7), and (8), respec-
tively. This is the contradiction to the assumption of the theorem. Therefore we complete
the proof of Theorem 2.1. ✷
If we take δ1 = δ2 in Theorem 2.1, then we have the following
Corollary 2.1. Let 0 < δ  1, 0 β < 1, and let f ∈A. If∣∣∣∣arg
(
zf ′(z)f µ−1(z)
gµ(z)
− β
)∣∣∣∣< π2 δ
for some g ∈ S∗(m,M), then∣∣∣∣arg
(
z(Iα,µ(f ))
′Iα,µµ−1(f )
Iα,µ
µ(g)
− β
)∣∣∣∣< π2 η,
where Iα,µ is the integral operator defined by (1) with µ > 0 and 1/α  1 − µ(m−M)
(α = 0) and η (0 < η 1) is the solution of the equation
δ = η+ 2
π
tan−1
(
η cos π2 t1( 1
α
− 1+µ(m+M))+ η sin π2 t1
)
, (9)
when a and t1 are given by (4) and (8), respectively.
Let us choose m= N − γ (N − 1) and M = N(1 − γ ), where N  1 and 0  γ < 1.
Then |m− 1|<M m, a = γ /N + (1− 2γ ), and b = 1− 1/N in Lemma 2.3. Now as
N →∞, a→ 1− 2γ and b→ 1. In this case, relation (5) reduces to
zf ′(z) = 1+ (1− 2γ )w(z) (z ∈ U),
f (z) 1−w(z)
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lary 2.1, we have the following
Corollary 2.2. Let 0 < δ  1, 0 β < 1, and f ∈A. If∣∣∣∣arg
(
zf ′(z)f µ−1(z)
gµ(z)
− β
)∣∣∣∣< π2 δ
for some g ∈ S∗(γ ), then∣∣∣∣arg
(
z(Iα,µ(f ))
′Iµ−1α,µ (f )
I
µ
α,µ(g)
− β
)∣∣∣∣< π2 δ,
where Iα,µ is the integral operator defined by (1) with µ> 0 and 1/α  1−µγ (α = 0).
Remark 2.1. From Corollary 2.1, we easily see that every function in B(µ,γ,β) preserves
the angles under the integral operator defined by (1). In particular, for δ = 1, Corollary 2.2
extends the result of Owa and Obradovic´ [15]. Further, if we take µ= δ = 1, then Corol-
lary 2.2 reduces the result by Owa and Srivastava [16], which implies the result given
earlier by Libera [10].
By using the same techniques as in proving Theorem 2.1, we have
Theorem 2.2. Let 0 < δ1, δ2  1, β > 1, and let f ∈A. If
−π
2
δ1 < arg
(
β − zf
′(z)f µ−1(z)
gµ(z)
)
<
π
2
δ2
for some g ∈ S∗(m,M), then
−π
2
η1 < arg
(
β − z(Iα,µ(f ))
′Iα,µµ−1(f )
Iα,µ
µ(g)
)
<
π
2
η2,
where Iα,µ is the integral operator defined by (1) with µ > 0 and 1/α  1 − µ(m−M)
(α = 0) and η1 and η2 (0 < η1, η2  1) are the solutions of Eqs. (6) and (7).
Remark 2.2. For m=N − γ (N − 1), M =N(1− γ ) (0 γ < 1), N →∞, µ= 1, and
δ1 = δ2 = 1, Theorem 2.2 implies the result by Owa and Srivastava [16].
Next, we prove
Theorem 2.3. Let 0 < δ1, δ2  1, 0 β < 1, 1/α  1− (m−M) (|m− 1|<M m), and
let f ∈A. If
−π
2
δ1 < arg
(
αz(zf ′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z) − β
)
<
π
2
δ2
for some g ∈K(m,M), then
−π
2
η1 < arg
(
zf ′(z)
g(z)
− β
)
<
π
2
η2,
where η1 and η2 (0 < η1, η2  1) are the solutions of Eqs. (6) and (7) with µ= 1.
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p(z)= 1
1− β
(
zf ′(z)
g(z)
− β
)
and q(z)= zg
′(z)
g(z)
.
Then, by a simple calculation, we obtain
1
1− β
(
αz(zf ′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z) − β
)
= p(z)+ zp
′(z)
q(z)+ 1
α
− 1 .
Since g ∈K(m,M), g ∈ S∗(m,M). If we let
q(z)+ 1
α
− 1= ρei π2 φ (z ∈ U),
where{ 1
α
− 1+m−M <ρ < 1
α
− 1+m+M,
−t2 < φ < t2,
when t2 is t1 given by (8) with µ= 1. The remaining part of the proof is similar to that of
Theorem 2.1 and so we omit it. ✷
For the case δ1 = δ2 in Theorem 2.3, we have
Corollary 2.3. Let 0 < δ  1, 0 β < 1, 1/α  1− (m−M) (|m− 1|<M m), and let
f ∈A. If∣∣∣∣arg
(
αz(zf ′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z) − β
)∣∣∣∣< π2 δ
for some g ∈K(m,M), then∣∣∣∣arg
(
zf ′(z)
g(z)
− β
)∣∣∣∣< π2 η,
where η (0 < η 1) is the solution of Eq. (9) with µ= 1.
Letting α = 1, m = N − γ (N − 1), M = N(1 − γ ), and δ = 1, where N  1 and
0 γ < 1, in Corollary 2.3, we have
Corollary 2.4. Let 0 β < 1 and let f ∈A. If
Re
{
z(zf ′(z))′
zg′(z)
}
> β
for some g ∈K(γ ), then
Re
{
zf ′(z)
g(z)
}
> β.
Remark 2.3. If we take m = 1, M → 0, β = 0, δ = 1, g(z) = z, Corollary 2.3 would
immediately yield the result of Chichra [2]. For β = γ = 0, Corollary 2.4 is the result
obtained by Noor [13] and Sakaguchi [17], separately.
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Theorem 2.4. Let 0 < δ1, δ2  1, β > 1, 1/α  1− (m−M) (|m− 1|<M m), and let
f ∈A. If
−π
2
δ1 < arg
(
β − αz(zf
′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z)
)
<
π
2
δ2
for some g ∈K(m,M), then
−π
2
η1 < arg
(
β − zf
′(z)
g(z)
)
<
π
2
η2,
where η1 and η2 (0 < η1, η2  1) are the solutions of Eqs. (6) and (7) with µ= 1.
Finally, by using Theorems 2.3 and 2.4, respectively, we obtain the following theorems.
Theorem 2.5. Let 0 < δ1, δ2  1, 0 β < 1, and let f ∈A. If
−π
2
δ1 < arg
(
αz(zf ′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z) − β
)
<
π
2
δ2
for some g ∈K(m,M), then
−π
2
η1 < arg
(
αz(z(Iα,1(f ))′)′ + (1− α)z(Iα,1(f ))′
αz(Iα,1(g))′ + (1− α)Iα,1(g) − β
)
<
π
2
η2,
where Iα,1 is the integral operator defined by (1) with µ= 1 and 1/α > 1− (m−M) and
η1 and η2 (0 < η1, η2  1) are given by Theorem 2.3.
Proof. Since g ∈K(m,M), by applying Lemma 2 of Cho et al. [3], we see that Iα,1(g) ∈
K(m,M). Then, by using the equation
αz
(
Iα,1(f )
)′
(z)+ (1− α)Iα,1(f )(z)= f (z),
we get
αz(z(Iα,1(f ))′)′ + (1− α)z(Iα,1(f ))′
αz(Iα,1(g))′ + (1− α)Iα,1(g) =
zf ′(z)
g(z)
.
Hence, by the hypothesis and Theorem 2.3, the result follows. ✷
Theorem 2.6. Let 0 < δ1, δ2  1, β > 1, and let f ∈A. If
−π
2
δ1 < arg
(
β − αz(zf
′(z))′ + (1− α)zf ′(z)
αzg′(z)+ (1− α)g(z)
)
<
π
2
δ2
for some g ∈K(m,M), then
−π
2
η1 < arg
(
β − αz(z(Iα,1(f ))
′)′ + (1− α)z(Iα,1(f ))′
αz(Iα,1(g))′ + (1− α)Iα,1(g)
)
<
π
2
η2,
where Iα,1 is the integral operator defined by (1) with µ= 1 and 1/α > 1− (m−M) and
η1 and η2 (0 < η1, η2  1) are given by Theorem 2.3.
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